Thin film polycrystalline photovoltaics are a mature, commercially-relevant technology. However, basic questions persist about the role of grain boundaries in the performance of these materials, and the extent to which these defects may limit further progress. In this work, we first extend previous analysis of columnar grain boundaries to develop a model of the recombination current of "tilted" grain boundaries. We then consider systems with multiple, intersecting grain boundaries and numerically determine the parameter space for which our analytical model accurately describes the recombination current. We find that for material parameters relevant for thin film photovoltaics, our model can be applied to compute the open-circuit voltage of materials with networks of inhomogeneous grain boundaries. This model bridges the gap between 1 arXiv:1902.03587v1 [cond-mat.mtrl-sci]
although quantitative interpretation of these measurements remains a challenge. Nevertheless, even perfect knowledge of grain boundary electrical properties would not suffice to determine their impact on important figures of merit, such as the open-circuit voltage. This is due to a gap on the theory side: so far no analytical relation connects grain boundary properties of a realistic sample to its V oc . Here we provide this previously missing component of the theory and demonstrate its validity for material parameters typical of thin film solar cells. While the short circuit current and the fill factor are also key elements of a solar cell efficiency, we focus on the open-circuit voltage as it is the metric for which the largest margin of improvement is available.
2
In a series of recent works, 1,2 we studied the charge transport associated with isolated, columnar grain boundaries in thin film solar cells consisting of n + p junctions (p-type absorber). We obtained an approximate analytic solution for the grain boundary recombination current under the conditions that the grain boundary is positively charged with large defect density (so that the Fermi level is pinned to the defect neutrality level), and that the majority carrier transport is sufficiently facile so that the quasi-hole Fermi level varies by less than the thermal voltage V T (≈ 25 meV at room temperature). Under these circumstances, electrostatic screening leads to downward band bending in the vicinity of the grain boundary (shown in Figure 1 ), which confines electrons near the grain boundary core. We showed that in this case, the two-dimensional problem for the recombination can be mapped to an effective one-dimensional problem for the motion of electrons along the grain boundary.
The dark recombination current of an isolated columnar grain boundary versus voltage V is shown to take the following general form 2 J GB (V ) = λ S 2d N e −Ea/k B T e qV /(nk B T ) ,
where S is an effective surface recombination velocity, λ is the characteristic length over which recombination occurs, d is the grain size, N is an effective density of states, E a is an activation energy, n is the ideality factor (k B is the Boltzmann constant and T is the temperature).
The specific form of the parameters depends on the type (i.e., majority carrier) of the grain boundary core. There are 3 possible cases: 1. n-type, which occurs when the band bending at the grain boundary is large enough to cause type inversion at the grain boundary core (i.e. the Fermi level is closer to the conduction band at the grain boundary core), 2.
p-type, where we note that the assumption of downward band bending implies that the grain boundary core will always be less p-type than the bulk of the absorber. For both n-type and p-type grain boundary cases, the majority carriers have a constant concentration along the entire length of the grain boundary. The last case is: 3. Neither n-type or p-type, a case to which we refer as "high recombination". For this case, there are regions along the grain boundary core at which the electron and hole densities are similar in magnitude, and both carrier densities vary along the length of the grain boundary. The specific expressions of the parameters entering Eq. (1) are given in the Supporting Information and in Ref. 1 .
In this work, we focus on microstructures with complex grain boundary topology, as depicted in Figure 2 . We first extend our previous model to consider grain boundaries tilted at an angle θ with respect to the pn + junction normal. Based on the physical picture of carrier recombination developed in previous works, we make a simple ansatz for the dependence of grain boundary recombination on θ. To demonstrate the validity of this ansatz, we make comparisons to 2-d numerical simulations performed with the semiconductor modeling software Sesame. 3 We next analyze the carrier transport in networks of non-columnar grain boundaries. We find that under similar assumptions leading to Eq. (1), the recombination of a particular grain boundary embedded within a network is approximately equal to the recombination of the same grain boundary in isolation. The total dark recombination current of a grain boundary network is therefore given by the sum of its individual contributions, We begin with a description of the charge transport of a single grain boundary with one end near the metallurgical pn + junction, and oriented an angle θ < 90
• , as shown in Figure 3b . We consider grain boundaries which do not make direct connections with the contacts. The physical picture we describe here is based on Ref. 1, which provides more details. Informed by numerical simulations, we first posit that the grain boundary orientation primarily affects the length over which recombination occurs along the grain boundary core. That is, λ of Eq. (1) is assumed to be the only θ-dependent factor. We start with some definitions. W p is defined as the pn + junction depletion width in the grain interior,
i.e. in a region where the electrostatic potential is unperturbed by the grain boundary (see Figure 3d ). x 0 is defined as the position in the grain interior where n = p (in equilibrium), such that n > p for x < x 0 (see Figure 3c ). The primary quantity of interest is the grain boundary recombination, which occurs at defects located at the grain boundary core. For n-type or p-type grain boundaries, the grain boundary defect recombination is set by the minority carrier concentration, while for high-recombination grain boundaries, both electron and hole density control the recombination. We summarize the behavior of the system for the three cases below. The recombination in a p-type grain boundary is determined by electrons, which flow from the n-type grain interior into the grain boundary core. For a perfectly columnar (θ = 0
• ) grain boundary, the electrons flow into the grain boundary for x < x 0 , as shown in Figure 3a .
The recombination is therefore concentrated within the n-region of the pn + junction depletion region, and is uniform for x < x 0 . As the grain boundary is tilted (θ = 0 • ), a larger section of the grain boundary is exposed to electrons coming from the nearby n-contact, as shown in Figure 3b . This increased exposure expands the region of uniform recombination, which leads to a longer recombination region λ. We find the appropriate form for the increase in recombination length due to grain boundary tilting is λ = x 0 + W p tan(θ), where W p tan(θ) represents the horizontal cross section of the segment of the grain boundary exposed to the electron flow in the depletion region.
Additional recombination occurs as electrons diffuse along the grain boundary, increasing λ. Note that electron transport is not confined to the grain boundary dislocation core (which is of atomic scale), but is spread out over the depletion width surrounding the grain boundary core. We denote the length scale for electron confinement near a grain boundary
by L E ; for default material parameters (given in is the diffusivity of the confined electrons (which may be reduced from the bulk value due to disorder at the grain boundary core). For large surface recombination velocities, diffusion lengths of confined electrons are small, and additional recombination away from the pn junction depletion width is negligible. For low surface recombination velocities, diffusion lengths of confined electrons are large and recombination is uniform along the entire grain boundary. The length of the recombination region in these two limits therefore reads
Equation (2) is valid as long as θ is such that λ < L GB ; λ = L GB otherwise. Eq. (10) of the Supporting Information gives the general expression for p-type grain boundary recombination for a general value of L n .
The high-recombination regime of the perfectly columnar grain boundary occurs at sufficiently high applied voltage so that both electron and hole densities are of comparable magnitude. In this case, grain boundary recombination is the result of both electron and • and θ > 0 respectively. c), d) In the high-recombination regime, for θ = 0
• and θ > 0 respectively. W p is the grain interior depletion region width, x 0 is the point where hole and electron concentrations are equal in the grain interior. Regions in blue and red are respectively p-type and n-type.
hole currents flowing into the grain boundary core. Both carrier types are available only in the vicinity of the depletion region, so that currents flow as depicted in Figure 3c . Holes flow towards the pn + junction depletion region to recombine with electrons flowing along the grain boundary core. The recombination is therefore peaked at a "hotspot" in the depletion region. 1 As the grain boundary is tilted, a longer section is exposed to hole flow in the depletion region, as shown in Figure 3d . This larger exposure increases the recombination region length λ in a manner similar to the previous p-type grain boundary case: λ = W p /2 tan(θ).
Beyond this "hotspot" region, electrons diffuse in a one-dimensional motion along the grain boundary core, as in the p-type grain boundary case described above. We find that the recombination region in the high-recombination regime reads where L n is the diffusion length of grain boundary-confined electrons in this regime. Equation (4) is valid as long as λ < L GB , λ = L GB beyond that point. Equation (14) of the Supporting Information gives the formula for high-recombination grain boundary current for a general value of L n .
To verify the accuracy of the above expressions, we compare our analytical prediction with the results of numerical simulation. Details of the simulation software (along with its source code and a standalone executable) can be found in Ref. 3 . The simulation parameters are given in Table S2 of the Supporting Information and in the caption of Fig. 4 . Figure   4 (a) shows a comparison of the numerically computed grain boundary recombination current (blue dots) and the analytical predictions (orange triangles) as a function of grain boundary orientation for a fixed applied voltage (0.8 V). We find good agreement until the grain boundary becomes nearly completely horizontal, at which point the numerically computed current drops nearly to zero. We find that our model does not describe this full blocking configuration, however it remains accurate at θ = 85
• .
We next consider the open-circuit voltage V oc . Our model describes the dark forward bias current, so its applicability to V oc relies on the superposition principle. At high forward bias, the carrier densities are large enough so that quasi-Fermi levels and the electrostatic potential have negligible differences with those in the dark. 20 Because of the high recombination rate of grain boundaries, we find that the current-voltage relation of the pn + junction under illumination is given by the sum of the short circuit current J sc and the dark current only near V = V oc (this superposition principle does not apply in our system at lower voltages).
We use the analytical model to predict V oc by shifting the analytical dark J(V ) curve by the numerically computed J sc . We choose these three parameters because they most strongly determine the applicability of the analytical model. We plot the ratio of the analytically predicted to numerically computed dark current at a fixed forward bias voltage V = 0.8 V. The red lines delimit the region in parameter space for which the ratio is greater/less than e ≈ 2.7. We find that dark current ratio values of less than 2.7 correspond to systems for which the analytically predicted V oc deviates from the numerically simulation value by less than the thermal voltage 25 mV (see Fig. S1 of the Supporting Information). As expected, the factors which limit hole transport:
low hole mobility and/or low hole carrier concentration due to low hole doping or depleted grains (i.e. grains smaller than the grain boundary depletion width) cause the analytical model to fail. However we find that the analytical model accurately describes the numerical simulation for a wide range of system parameters.
The precise limits of parameter space for which our analytical model applies depends on the details of the grain boundary geometry and defect parameters. For example, if we reduce the electrostatic band bending of grain boundary 1 from 0.71 eV to 0.21 eV, then we find the region of analytic model applicability increases slightly (see Fig. S2 of the Supporting Information). This can be expected: a decreased grain boundary built-in potential decreases the depletion width surrounding the grain boundary, so that hole carriers are less depleted and our assumption of facile hole transport is more easily satisfied. However, we find that the boundaries presented in Fig. 5 give a fairly representative indication of the analytical model's domain of validity. We note that for a grain size of ≈ 1.5 µm, the analytical Figure 5 : Contour plot of ratio of analytic to numerically computed forward bias dark current at V = 0.8 V. Note that color scale is given on a Log 10 scale. The red line delimits parameter space at which the ratio J an /J num = exp(1) ≈ 2.7. The electron mobility is fixed to be 8× the hole mobility. Inset shows schematic of system geometry. Grain boundaries labeled 1, 2, and 3 have built-in potential values of (0.71, 0.25, 0.14) eV and recombination velocities of (10 4 , 5 × 10 5 , 10 5 ) cm/s, respectively. Top and bottom edges of schematics represent n and p contacts, respectively. Left and right edges are modeled with periodic boundary conditions. Note grain boundary 1 is located at the left edge.
model can be applied for parameters typical of CdTe absorbers: µ p = 40 cm 2 /(V · s) and
We consider the behavior of a specific system in more detail in Fig. 6 . For this simulation we use default parameter values (µ p = 40 cm 2 /(V · s), N A = 4 × 10 14 cm −3 ). We first show the field lines of the hole currents in Fig. 6a . When the hole currents transverse to both sides of the grain boundary core are equal and opposite (see x > 2 µm), the transverse hole current vanishes at the grain boundary core. For x < 2 µm, only one side of the grain boundaries has direct access to the p-contact. In this case, hole currents can partially go through grain boundaries, as seen around the left grain boundary. A fraction of the incoming holes recombine at the grain boundary core, so that hole currents on both sides are not equal.
Not surprisingly, holes that did not recombine are then attracted preferentially to the grain boundary with the highest surface recombination velocity ("high S" on Figure 6a ).
In Figure 6 , we plot the numerically computed recombination current of the three grain boundaries separately (symbols), together with the analytical predictions (solid lines). In this case, the analytical theory overestimates the numerically computed current by approximately a factor of 2 at high applied voltage. At low applied voltages, all grain boundaries are Table S2 of the Supporting Information.
either n-type or p-type, with ideality factor of 1. The transition to the high-recombination regime is revealed by the change of slope, corresponding to an ideality factor of 2. The lower inset of Figure 6b compares the total grain boundary and bulk recombination currents (the latter was computed in Ref. 1). In addition to its larger amplitude, the grain boundary's recombination current exhibits change of slope. For most of the applied voltages, the bulk recombination is proportional to exp(qV /(2k B T )) as given by the pn + junction depletion region recombination. 1 Because of the variety of grain boundary properties in our geometry, the grain boundary most dominating the dark current changes with applied voltage leading to multiple changes of slope between exp(qV /k B T ) and exp(qV /(2k B T )). This feature distinguishes grain boundary recombination from pn + junction depletion region recombination.
Having established the conditions for which the analytical model describes the behavior of multi-grain boundary systems, we proceed with an analysis of the impact of grain boundary
inhomogeneities on the open-circuit voltage using the analytical model alone. We consider Figure 7 : Open-circuit voltage for the system described in Fig. 2 under a photon flux 2.5 × 10 17 cm −2 s −1 . The absorption coefficient is 2.3 × 10 4 cm −1 . σ is the standard deviation of a Gaussian distribution for a given parameter. √ ∆ is the geometric deviation of a uniform distribution. a) V oc as a function of the average grain size d. b) V oc as a function of the average grain boundary angle θ with respect to the normal to the pn + junction. c) V oc as a function of the average neutral point of the gap state configuration E GB . d) V oc as a function of the (geometric) average grain boundary effective surface recombination velocity S. e) V oc as a function of the percentage of active grain boundaries for the bimodal distribution shown in inset. Only one parameter is varied on each plot, the others are fixed to: d = 2.3 µm, θ = 0
• , E GB = 1 eV, S = 10 5 cm/s.
an ensemble of "samples", each with its own distributions of grain size, grain boundary orientation, gap state configuration and surface recombination velocity. For a probability distribution P of the random parameter X with mean µ and standard deviation σ, the average grain boundary dark current reads
and the open-circuit voltage is found by solving J GB (V oc ) = J sc .
Assuming equal short-circuit currents among all "samples", Figure 7 shows the opencircuit voltage as a function of the mean of the distribution of a grain/grain boundary property. Note that a discussion on the device efficiency, which is beyond the scope of this work, should also include the impact of grain boundary properties on J sc . The integral Equation (6) was computed numerically with the general form for J GB given by Equation (1).
We used Gaussian distributions for Figure 7a Efforts in this direction have been reported.
22,23
Figure 7c shows that gap state neutral points E GB close to a band edge generally give better V oc than midgap values. Note that the grain boundary built-in potential attracts photogenerated electrons to the grain boundary core, resulting in enhanced recombination when holes are majority carriers there. The short circuit current is therefore more reduced by p-type than n-type grain boundaries (see Supporting Information), which Figure 7c does not show. Thus, only high values of built-in potential (i.e., E GB > 1 eV) are favorable for the open-circuit voltage. Experimentally, the neutral point of the gap state distribution determines the amplitude of the grain boundary built-in potential V GB . At thermal equilibrium and in the limit of high defect density of states, this relation reads qV GB ≈ E GB − E F (E F is the bulk Fermi energy). Increasing the spread of E GB results in more gap state neutral levels around midgap. The probability to access midgap states being similar for both electrons and holes, such states provide higher recombination currents than states near the band edge, hence further reducing V oc . These results are consistent with the observation that the standard CdCl 2 treatment of CdTe increases the built-in potential around grain boundaries, 24 possibly leading to majority carrier type inversion under suitable conditions.
25,26
The reduction of the open-circuit voltage by the recombination strength is quantified in Figure 7d ,e, where S is the effective surface recombination velocity. We observe the expected logarithmic dependence of V oc on recombination velocity in Figure 7d . The highest surface recombination velocities of the two distributions considered in the figure differ by a factor 10. This is consistent with the difference in V oc of about 50 mV (≈ k B T /q ln(10)) between the two distributions. This shows that the largest value of surface recombination velocity in the sample determines V oc . Note that because we only allow recombination velocities below the thermal velocity, V oc saturates for S > 10 5 cm/s in the case of ∆ = 10 3 .
The control of the open-circuit voltage by the most deleterious grain boundaries is further illustrated in Figure 7e . A cathodoluminescence study of CdTe grain boundaries revealed that approximately 60 % of the boundaries were active recombination centers. 27 Here we
show that even a small proportion of active recombination centers is sufficient to degrade gives an open-circuit voltage equivalent to that of a system fully saturated with active grain boundaries. This observation is best understood by assuming that only surface recombination velocities S 1 and S 2 are present in the sample (i.e., a probability distribution with two Dirac delta functions). In this case the average surface recombination velocity across the sample is
where p is the proportion of active grain boundaries. As S 1 and S 2 are separated by orders of magnitude, Equation (7) shows that only a small proportion of active grain boundaries 
where E F is the equilibrium Fermi energy and N A is the doping density. For default material parameters and grain boundary band bending of 0.5 eV, ρ crit GB is typically on the order of
The diffusion length for electrons confined near the grain boundary depends on grain boundary type. We denote this with L n and L n for n-type and high-recombination grain boundary, respectively. The relevant expressions are given below:
where
where V T = k B T /q. L E is the length scale associated with the transverse electric field E ⊥ of the grain boundary in the high recombination regime:
GB is the equilibrium potential difference between grain boundary and grain interior.
We next provide the general expressions for the recombination current of p-type and high recombination grain boundaries (the expressions in the main text only show limiting values of L n /L GB and L n /L GB . For p-type, the recombination is given by:
As described in the main text, x 0 is the position where n = p in equilibrium. Its expression is:
where W p is the bulk depletion width, and V bi is the potential difference of the bulk p-n junction:
For high-recombination, the recombination is given by:
We have also checked that grain boundary networks with more complex defect electronic structure, such as a continuum of donors and acceptors (as described in Ref.
2), are accurately described by the approach we present here. Figure 8 : The difference in analytically predicted and numerically computed V oc (scaled by thermal voltage V T ≈ 25 mV) for the system given in Fig. 5b of the main text. Red line indicates the parameter values for which this ratio is 1. The electron mobility is fixed to be 8× the hole mobility. Note that the region of the applicability of the analytic model for V oc is similar to the region of applicability for dark J(V ) (seen in Fig. 5b ). Figure 8 shows that the reliability of the analytical model's prediction for V oc tracks its reliability for dark J(V ). The red line indicating the region for which the analytical model predicts the numerically computed V oc is similar to the region for which the analytical model predicts the numerically computed dark current to within a factor of e ≈ 2.7 (see Fig. 5b ). Figure 9 : Contour plot of ratio of analytic to numerically computed forward bias dark current at V = 0.8 V. Note that color scale is given on a Log 10 scale. The red line delimits parameters space at which the ratio is exp(1) ≈ 2.7 (on a linear scale). Inset shows schematic of system geometry. For (a), grain boundaries labeled 1, 2, and 3 have built-in potential values of (0.71, 0.25, 0.14) V, while for (b) the built-in potential for grain boundary 1 is reduced to 0.21 eV. Recombination velocities for grain boundaries 1, 2, and 3 are (10 4 , 5 × 10 5 , 10 5 ) cm/s, respectively for both (a) and (b). Top and bottom edges of schematics represent n and p contacts, respectively. Left and right edges are modeled with periodic boundary conditions. Figure 9 shows the dependence of the analytical model performance on the grain boundary built-in potential. We find that this parameter does not strongly influence the model reliability. In general, the smaller the grain boundary built-in potential, the larger the regime of applicability, although the difference is quite small. We tested our analytical predictions on numerical solutions of the two-dimensional driftdiffusion-Poisson equations, solved using Sesame. 3 We used selective contacts, so the hole (electron) current vanishes at x = 0 (x = 3 µm). Periodic boundary conditions were applied in the y-direction. Table 2 gives a list of the material parameters used in these calculations. Table 1 : Summary of analytical results for the grain boundary recombination current for a continuum of donor and acceptor defect states. The general form of the grain boundary dark current is J GB (V ) = λS/(2d)N e −Ea/k B T e qV /(nk B T ) where S is an effective surface recombination velocity, λ is a length characteristic of the recombination region, d is the grain size, N is an effective density of states, E a is an activation energy, n is the ideality factor and V is the applied voltage. Each column corresponds to the regime in which the grain boundary is depending on voltage. L GB is the length of the grain boundary, L n and L n are effective electron diffusion lengths.
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